Abstract. In this paper, we study self-expanders for mean curvature flows. First we show the discreteness of the spectrum of the drifted Laplacian on them. Next we give a universal lower bound of the bottom of the spectrum of the drifted Laplacian and prove that this lower bound is achieved if and only if the self-expander is the Euclidian subspace through the origin. Further, for self-expanders of codimension 1, we prove an inequality between the bottom of the spectrum of the drifted Laplacian and the bottom of the spectrum of weighted stability operator and that the hyperplane through the origin is the unique self-expander where the equality holds. Also we prove the uniqueness of hyperplane through the origin for mean convex self-expanders under some condition on the square of the norm of the second fundamental form.
introduction
In this paper we study self-expanding solutions for the mean curvature flow (MCF), i.e. self-expanders. Recall that an n-dimensional smooth selfexpander Σ n is a submanifold immersed in the Euclidean space (R n+k , g 0 ), k ≥ 1, satisfying
where x denotes the position vector in R n+k , ⊥ denotes the orthogonal projection onto the normal bundle of Σ, and H is the mean curvature vector of Σ at x. In the case of codimension 1, (1.1) is equivalent to that the mean curvature H satisfies
where n denotes the unit normal field of Σ.
Equivalently, Σ is a self-expander if and only if √ tΣ, t ∈ (0, ∞) is a mean curvature flow.
Self-expanders are very important in the study of MCF. They describe both the asymptotic longtime behavior for MCF and the local structure of MCF after the singularities in the very short time. See the works by Ecker and Huisken [12] and Stavrou [20] . Self-expanders also arise as the mean curvature evolution of cones. In Lecture 2 of [17] , Ilmanen studied the existence of E-minimizing self-expanding hypersurfaces which converge to prescribed closed cones at infinity in Euclidean space. It is known that the singular minimal cones are the singular self-expanders. Recently, Ding [10] obtained some results on minimal cones and self-expanders. There are other works in self-expanders (see, e.g. [1] , [13] , [20] and references therein).
It is well known that a self-expander Σ is a critical point of the weighted volume functional with weighted volume element e |x| 2 4 dσ, where dσ is the volume element of Σ. On the other hand it can be viewed as a minimal submanifold under the conformal metric e |x| 2 2n g 0 on R n+k (see more details, e.g. [3] , [4] ).
On a self-expander, an important operator is the drifted Laplacian L = ∆+ 1 2 x, ∇· . The reason is that L is a densely defined self-adjoint operator in the weighted L 2 space L 2 (Σ, e |x| 2 4 dσ) of square integrable functions. We discuss the spectral property of the operator L and show the discreteness of the spectrum of L . More precisely, Theorem 1.1. For a complete n-dimensional properly immersed self-expander Σ in R n+k , k ≥ 1, the spectrum of the drifted Laplacian L = ∆ + 1 2 x, ∇· on Σ is discrete. In particular, the bottom λ 1 of the spectrum of L is the first weighted L 2 eigenvalue of L .
The discreteness of the spectrum of L means that the embeding of the
4 dσ) is compact. It is worthy of mentioning that self-shrinkers for MCF also have the same property. In [5] , we showed that for a complete n-dimensional properly immersed selfshrinker in R n+k , the spectrum of its corresponding drifted Laplacian L = ∆ − 1 2 x, ∇· is discrete. For a complete properly immersed self-shrinker, 0 is obviously the bottom of the spectrum of the operator L since the properness, polynomial volume growth, and the weighted volume are equivalent for a self-shrinker by the results by Ding and Xin [11] , and the authors [6] . For self-expanders, the situation is different. For instance, R n has the infinite weighted volume. We estimate the lower-bound of the bottom λ 1 of the spectrum and use the weighted L 2 -integrability of the bottom λ 1 of the spectrum of L (Theorem 1.1) to discuss the rigidity of the lower bound. More precisely, we prove that Theorem 1.2. For a complete n-dimensional properly immersed self-expander Σ in R n+k , k ≥ 1, the bottom of the spectrum of the drifted Laplacian
The equality in (1.3) holds if and only if Σ is the Euclidian subspace R n through the origin.
Further in the case of self-expander hypersurfaces, using Theorem 1.1 and a Simons' type equation for the mean curvature H, we may obtain that Theorem 1.3. If Σ is a complete properly immersed self-expander hypersurface in R n+1 , then the bottom λ 1 of the spectrum of the drifted Laplacian L = ∆ − ∇f, ∇· on Σ, i.e. the first weighted L 2 eigenvalue of L satisfies
where H is the mean curvature of Σ. The equality in (1.4) holds if and only if Σ is the hyperplane R n through the origin.
Observe that Theorem 1.2 can be implied by Theorem 1.3 when Σ is a hypersurface.
A hypersurface is called mean convex if its mean curvature is non-negative. In [6] , Colding and Minicozzi proved a complete embedded mean-convex self-shrinker hypersurface in R n+1 with polynomial volume growth must be cylinders S m × R n−m , 0 ≤ m ≤ n. For translating solutions of MCF, i.e. translators H = − w, n , where w is the constant vector in R n+1 , in [21] , Tasayco and the second author in the present paper proved that an immersed nonflat translator Σ n in R n+1 , n = 2, 3 is a grim hyperplane if and only if it is mean convex and there exists a constant C > 0 such that
|A| 2 e x,w dσ ≤ CR 2 , for all R sufficiently large, where B R denotes the geodesic ball of Σ. Their result is sharp in the sense that grim hyperplanes for n ≥ 4 do not satisfy the growth condition on the integral of |A| given in the above. For self-expanders, it is known that there is no any compact one and there are nonflat examples of mean-convex self-expanders (see, for instance, [1] , [12] ). Very recently, Fong and McGrath [13] showed that mean-convex self-expanders which are asymptotic to O(n)-invariant cones are rotationally symmetric. On mean convex self-expanders, by using Lemma 1 in [21] and Simons' type equations, we prove the following result: Theorem 1.4. Let Σ be a complete n-dimensional, n ≥ 2, properly immersed mean convex self-expander in R n+1 and let B R denote the geodesic ball of Σ of radius R centered in a fixed point in Σ. Suppose that h(t) is a positive function on [δ, ∞), for some δ > 0, satisfying t h(t) is nonincreasing on [δ, ∞) and
If there exists a constant C > 0 such that the square |A| 2 of the norm of the second fundamental form of Σ satisfies
for all R sufficiently large, then Σ must be a hyperplane R n through the origin.
Note that some examples of κ(t) in Theorem 1.4 are κ(t) = t 2 , t 2 log t, t 2 (log t)(log log t), and so on. For instance, take h(t) = t 2 , Theorem 1.4 implies the following Corollary 1.1. Let Σ be a complete n-dimensional, n ≥ 2, properly immersed mean convex self-expanderin R n+1 and let B R denote the geodesic ball of Σ of radius R centered in a fixed point in Σ. If there exists a constant C > 0 such that the square |A| 2 of the norm of the second fundamental form of Σ satisfies
With the weight e |x| 2 4 , inequality (1.7) is a kind of asymptotic flatness condition.
In the final part of this paper, we study the L-stability operator for selfexpanders, which is the Schördinger operator
L-stability (see Section 2) means that the second variation of its weighted volume is nonnegative for any compactly supported normal variation (see, e.g., [3] , [10] ). Recall that there is no weighted-stable self-shrinkers with polynomial volume growth ( [9] ). Unlike self-shrinkers, the L-stability is not a rigid property for self-expanders. The self-expander graphs are weightedvolume minimizing and hence L-stable. Also the mean convex self-expanders are L-stable (see Theorem 1.5). In spite of this, we may still study the bottom µ 1 of the spectrum of the operator L. Since a self-expander is noncompact, µ 1 may not be the lowest weighted L 2 -eigenvalue for L and also µ 1 may take −∞. We give an upper bound inequality for µ 1 compared to the result of Colding-Minicozzi for self-shrinkers (Theorem 9.2, [8] ) . More precisely, we obtain the following result: Theorem 1.5. Let Σ be a complete n-dimensional properly immersed selfexpander hypersurface. Then the bottom µ 1 of the spectrum of the L-stability operator L and the bottom λ 1 of the spectrum of the drifted Laplacian L satisfy
The equality holds if and only if Σ is a hyperplane through the origin.
Further, if Σ is mean convex, then
The rest of this paper is organized as follows: In Section 2 some definitions and notations are given, in Section 3 we prove the results on the spectrum and bottom of the spectrum of the drifted Laplacian L , in Section 4 we prove the rigidity theorem of the mean convex self-expanders and finally in Section 5 we prove the inequality on the bottom of spectrum of L-stability operator L and the bottom of spectrum of the drifted Laplacian L .
Definitions and notation
For the convenience on some computations in this paper and simplicity of notations, we give the notation of f -minimal submanifolds (see, e.g. [4] ).
Assume that (M, g) is a smooth (n+k)-dimensional Riemannian manifold and f is a smooth function on M . A smooth metric measure space is a triple M, g, e −f dv with a weighted volume form e −f dv on M . Here dv denote the volume element of M induced by the metric g.
Let i : Σ n → (M n+k , g) denote the smooth immersion of an n-dimensional submanifold Σ into M . Then (M n+k , g) induces a metric, denoted by g on Σ, such that i is an isometric immersion. Let dσ denote the volume element of (Σ, g). Then the function f restricted on Σ, still denoted by f , induces a weighted volume element e −f dσ on Σ and thus a smooth metric measure space (Σ, g, e −f dσ).
The isometric immersion i : (Σ n , g) → (M n+k , g) is said to be properly immersed if, for any compact subset Ω in M , the pre-image i −1 (Ω) is compact in Σ.
In this paper, unless otherwise specified, the notations with a bar denote the quantities corresponding the metric g on M . For instance ∇ and ∇ 2 denote the Levi-Civita connection, and Hession of (M, g) respectively. On the other hand, the notations like ∇ denote the quantities corresponding the intrinsic metric g on Σ. For instance ∇, ∆ denote the Levi-Civita connection and the Laplacian on (Σ, g) respectively.
Let A denote the second fundamental form of Σ. The mean curvature vector H(p) of Σ at p ∈ Σ is defined by
where {e 1 , e 2 , · · · , e n } is a local orthonormal frame of Σ at p and ⊥ denotes the projection onto the normal bundle of Σ.
The weighted volume of a measurable subset S ⊂ Σ is defined by
Definition 2.1. The weighted mean curvature vector H f of the submanifold (Σ, g) is defined by
A submanifold (Σ, g) is called f -minimal if its weighted mean curvature H f vanishes identically, or equivalently if it satisfies
In the case of hypersurfaces, the mean curvature of Σ is defined by
where n is the unit normal field on Σ.
From Definition 2.1, the hypersurface Σ is f -minimal if and only if
It is known that an f -minimal submanifold is a critical point of the weighted volume functional defined in (2.1). On the other hand, it is also a minimal submanifold under the conformal metricg = e − 2 n f g on M (see, e.g. [3] , [4] ).
When (M, g) is the Euclidean space (R n+k , g 0 ), we have some interesting examples of f -minimal submanifolds:
4 , and − x, w respectively, where w ∈ R n+k is a constant vector, an n-dimensional f -minimal submanifold Σ is a selfshrinker, self-expander and translator for MCF in the Euclidian space R n+k respectively.
For (Σ, g, e −f dσ), let L 2 (Σ, e −f dσ) denote the space of square-integrable functions on Σ (not necessarily a submanifold) with respect to the measure
The drifted Laplacian on Σ is defined by
It is well known that ∆ f is a densely defined self-adjoint operator in L 2 (Σ, e −f dσ), i.e. for u and v in C ∞ 0 (Σ), it holds that (2.6)
We recall some facts in spectral theory (see more details in, e.g. [15] , [19] ). Consider the Schrödinger operator on Σ:
The weighted L 2 spectrum of S is called the spectrum of S for short whenever there is no confusion. The bottom s 1 of the spectrum of S can be characterized by
A number s is said to be a weighted L 2 eigenvalue to S if there exists a smooth nonzero function u ∈ L 2 (Σ, e −f dσ) satisfying (2.8)
The function u in (2.8) is called the weighted L 2 eigenfunction associated to s.
In general, if Σ is non-compact, the bottom s 1 may not be a weighted L 2 eigenvalue and may be −∞. The spectral theory says that if the spectrum of S is discrete, the spectrum is the set of all the weighted L 2 eigenvalues of S, counted with multiplicity, which is an increasing sequence
with s i → ∞ as i → ∞. Further, the variational characterization of s i states that the bottom s 1 of spectrum of S is just the first weighted L 2 eigenvalue with multiplicity 1. Now we give special notations for self-expanders. In the following, unless otherwise specified, let Σ be an n-dimensional self-expander in R n+k , k ≥ 1, that is, Σ satisfies the equation
In the case of codimension 1, Σ is a self-expander if and only if the mean curvature H satisfies that
Observe that a self-expander Σ can be viewed as an f -minimal submanifold in R n+k by taking f = − From (2.12), λ 1 is nonnegative. For self-expanders, the stability operator, which appears in the second variation of the weighted volume, is a Schrödinger operator given by
Definition 2.2.
A self-expander Σ is said to be L-stable if the following inequality holds for all ϕ ∈ C ∞ 0 (Σ),
L-stability of Σ is equivalent to that the second variation of its weighted volume is nonnegative for any compactly supported normal variation. Denote the bottom of the spectrum of L by µ 1 . L-stability means µ 1 ≥ 0.
Spectral properties of the drifted Laplacian
In this section, we show the discreteness of the spectrum of the drifted Laplacian L = ∆ + 1 2 x, ∇· and study the bottom of the spectrum of L for complete properly immersed self-expanders. We start by giving the following identities: Lemma 3.1. For a manifold (Σ, g) (not necessarily submanifold),
where f and h are smooth functions on Σ.
In particular, if h = f ,
Proof. The results come from the direct computations.
By (3.3) and (3.4), we have
Recall that a function h : Σ → R is said to be proper if, for any bounded closed subset I ⊂ R, the inverse image h −1 (I) is compact in Σ. Now we prove Theorem 1.1.
Proof of Theorem 1.1. Take f = − |x| 2
. Consider the unitary isomorphism
given by U u = ue f 2 . Take h = f 2 in (3.1) and note L = ∆ f . We have
By the spectral theory, the discreteness of the spectrum of L and the discreteness of the spectrum of T are equivalent.
Note that H = −(∇f
Since Sigma is a self-expander, we have
Since Σ is properly immersed in R n+k , the function ∆f also tends to ∞ when d Σ (p, x) → ∞. This implies that the spectrum of the operator T is discrete (e.g. [19] page 120). Hence, the spectrum of L is discrete.
By the discreteness of the spectrum of the drifted Laplacian L , the variational character of the first weighted L 2 eigenvalue of L implies that it is just the bottom λ 1 of the spectrum of L .
We consider the spectrum of L on R n and obtain that Proposition 3.1. i) The spectrum of L = ∆ + 1 2 x, ∇· on R n is discrete and the weighted L 2 eigenvalues of L , counted by multiplicity, are the following 
ii) The weighted L 2 eigenfunction associated to λ, counted by multiplic-
4 , where
2 ) are the products of the corresponding Hermite polynomials.
iii) The bottom λ 1 of the spectrum of L , that is, the first weighted L 2 eigenvalue of L is n 2 with multiplicity 1;
Observe that u ∈ L 2 (R n , e 
For the operator .9), L has the discrete spectrum and the weighted L 2 eigenvalues, counted by multiplicity, are the following
and associated eigenfunctions are Φ = Π n i=1 H k i (
4 , which form a complete orthonormal system for the space L 2 (R n , e |x| 2 4 dσ).
Now we prove Theorem 1.2 in which we study the universal lower bound for the bottom of the spectrum of L for self-expanders. > 0 satisfying that
It is well known that (3.12) implies that for any ϕ ∈ C ∞ 0 (Σ),
Then the bottom λ 1 of spectrum of L satisfies that
So we have proved that the inequality holds. Now we assume that the equality λ 1 = n 2 holds. By Theorem 1.1, the spectrum of L of Σ is discrete and λ 1 is the first weighted L 2 eigenvalue of L . Then there exists the first eigenfunction u > 0 such that u ∈ W 1,2 (Σ) and Choose φ = ϕ j u, where ϕ j are the non-negative cut-off functions satisfying that ϕ j is 1 on B j , |∇ϕ| ≤ 1 on B j+1 \ B j , and ϕ = 0 on Σ \ B j+1 .
Substitute φ in (3.18):
4 dσ, (3.20) and u ∈ W 1,2 (Σ). Letting j → ∞ in (3.20) and using the monotone convergence theorem,
Letting j → ∞ in (3.19) and using the monotone convergence theorem again, we have
4 dσ. 
for all i = 1, 2, . . . , n + k.
In the above {e 1 , e 2 , · · · , e n } is an orthonormal basis of the tangent space
So the left-hand side is zero for all i if and only only if H f , e i = 0 for i which is equivalent to H f = 0.
Remark 3.1. The above results hold locally. For properly immersed submanifolds, it has been known that the coordinate functions are the weighted L 2 eigenfunctions for the corresponding drifted Laplacian for a self-shrinker. For self-expanders, the corresponding drifted Laplacian still has discrete spectrum but the coordinate functions are not the weighted L 2 eigenfunctions.
In the rest of this section, we discuss self-expanders of codimension 1 whose equation is
Recall that in [2] , Mejia and the authors calculated the Simons' type equations for general f -minimal hypersurfaces as follows.
) be an f -minimal hypersurface isometrically immersed in a smooth metric measure space (M, g, e −f dµ). Then the mean curvature H of Σ satisfies that
where {e 1 , . . . , e n } is a local orthonormal frame field on Σ, ν denotes the unit normal to Σ, a ij = A(e i , e j ), and Ric f = Ric + ∇ 2 f . 
where the notation is the same as in Propostion 3.3. It implies that H = 0. Hence Σ must be R n through the origin.
Mean convex self-expanders of codimension 1
A self-expander hypersurface Σ is called mean convex if its mean curvature H ≥ 0. Besides the hyperplane R n through the origin, there are nontrivial examples (see, e.g. [12] ). In this section, We will prove some rigidity results on mean convex self-expander hypersurfaces.
First we need the following result proved byTasayco and the second author in [21] : Lemma 4.1. (Lemma 1 in [21] ) On a complete weighted manifold M, , , e −f dvol , assume that the functions u, v ∈ C 2 (M ), with u > 0 and v ≥ 0 on M , satisfy
where q (x) ∈ C 0 (M ). Suppose that there exists a positive function κ > 0 on [δ, ∞) for some δ > 0, satisfying t κ(t) is nonincreasing on [δ, ∞) and The rest of the proof is similar to the one of Huisken ([16] . See, e.g. the proof of Theorem 0.17 in [8] ). We only focus on the different points of the argument. Following the proof in [8] , |∇A| = |∇|A|| implies two possible cases: (I) If the rank of A is greater than 2, it implies that ∇A ≡ 0 on Σ. Thus |A| is constant on Σ. H = C|A| > 0 says |A| is a positive constant which induces a contradiction with (4.8). (II) If the rank of A is 1, then Σ is the product of a curve γ(t) ⊂ R 2 and an (n − 1)-dimensional hyperplane. If γ(t) is a line, it contradicts with H > 0. If γ(t) is not a line, it will contradicts the condition (1.6), since the part of the weight e |x| 2 4 restricted on R n−1 has the growth order bigger than the one of any polynomial. Theorem 1.4 implies Corollary 1.1 and the following Corollary 4.1. If a complete n-dimensional, n ≥ 2, immersed self-expander hypersurface Σ is mean convex, and Σ |A| 2 e |x| 2 4 dσ < ∞, then Σ must be a hyperplane R n through the origin.
5.
The bottom of spectrum of stability operator of self-expanders
In this section, we study the bottom µ 1 of the weighted stability operator L = L + |A| 2 − Take φ ∈ C ∞ 0 (Σ). 
